A large class of spherically symmetric static extremal black hole spacetimes possesses a stable null photon sphere on their horizons. For the extremal Kerr-Newman family, the photon sphere only really coincides with the horizon in the sense clarified by Doran. The condition under which photon orbit is stable on an asymptotically flat extremal Kerr-Newman black hole horizon has recently been clarified; it is found that a sufficiently large angular momentum destabilizes the photon orbit, whereas electrical charge tends to stabilize it. We investigated the effect of a negative cosmological constant on this observation, and found the same behavior in the case of an extremal asymptotically Kerr-Newman-AdS black holes in (3 + 1)-dimensions. In (2 + 1)-dimensions, in the presence of electrical charge, the angular momentum never becomes large enough to destabilize the photon orbit. We comment on the instabilities of black hole spacetimes with a stable photon orbit.
Introduction: Photon Orbits and Their Stability
The curvature of spacetime around a black hole allows a massless particle to move in a closed orbit. Such a geodesic is aptly called "photon orbit". For a static, spherically symmetric black hole, there is not just a single orbit, but an entire photon sphere. Photon orbits are in general unstable -a slight perturbation can either cause the particle to plunge into the black hole, or cause it to escape to future null infinity.
Mathematically, there are quite a few uniqueness results that either concern or involve photon orbits in one way or another [1] [2] [3] [4] [5] . In addition, photon orbits often saturate many inequalities, see, e.g. [6] and [7] . A recent example is that, in asymptotically flat (3 + 1)-dimensional spacetimes, any compact 2-surface Σ whose mean curvature and its derivative for outward direction are positive on a spacelike hypersurface with non-negative Ricci scalar must satisfy the inequality Area(Σ) 4π(3M ) 2 , where M denotes the ADM mass of the black hole. The equality is saturated precisely when Σ is the photon sphere in a hypersurface isometric to t = const. slice of the Schwarzschild spacetime [8, 9] .
Despite their generic instability, photon orbits do play significant roles in black hole physics. First of all, photon orbits are related to the geometric optics cross section. For an asymptotically flat Schwarzschild black hole with Schwarzschild radius r h = 2M , its geometric optics cross section is 27πM 2 , which corresponds to a sphere of radius 3 √ 3M , the impact parameter for a massless particle coming in from infinity to end up on the photon sphere. In astrophysical observations of black holes, this means that there will be a dark region, known as the "black hole shadow" [10] , which provides tentative evidence for the existence of black holes [11] . The forthcoming direct observation by the Event Horizon Telescope will capture exactly such a shadow [12] [13] [14] . An observation of the photon orbit itself would also suggest the existence of a black hole [15] . Recently, it has been emphasized that the ringdown signature in the gravitational wave during the mergers of two black holes, which has already been directly detected by LIGO [16] , is associated with the existence of photon orbits [17] (see, however, [18] ). More specifically, the frequency and damping time of the ringdown waveforms are respectively related to the orbital frequency and the instability timescale of the photon orbits.
Moreover, the instability of a photon orbit is related to the stability of a given spacetime, since an arbitrary number of photons (and other massless particles) can pile up on any stable photon orbit, which would eventually back-react on the spacetime geometry [19] . Indeed, the presence of stable photon orbits also slows down the decay rate of fields around a black hole [20] (see also the discussion in [21] ). Furthermore, as commented in [22] , a less known implication of the presence of photon orbits is that they signal the possibility of a York-Hawking-Page type phase transition [23, 24] . The underlying reason is that the Dirichlet boundary-value problem in Euclidean quantum gravity might have multiple solutions [25] , which jump in number when the boundary passes through a photon orbit. In the Discussion section, we shall see that this has possible tie-in with other results on the phase transitions and instabilities of extremal black holes. Surprisingly, it has been shown that a large class of spherically symmetric static extremal black hole spacetimes possesses a stable photon sphere (also known as "antiphoton sphere" in the literature [22] ) on their horizons. These photon spheres are defined via the effective potential for massless particles (see [19] and the references therein). From the work of Pradhan and Majumdar [26] , and the recent investigation by Khoo and Ong [19] , we now know that a photon sphere can occur on the black hole horizon in the exactly extremal case. (Though, of course in general, stable photon orbits are not restricted to be on the extremal black hole horizon [21] .) Assuming analyticity of the metric, Khoo and Ong proved a general theorem: for a large class of spherically symmetric static extremal black hole spacetimes, the photon orbit on its horizon is stable if the first nonzero Taylor coefficient of its metric coefficient f (k) (r h )/k!, k 2, is with an even k.
The situation for black holes that are not spherically symmetric is far less clear. Once rotation sets in, the spherical symmetry is reduced to an axial symmetry. The behavior of photon trajectories on a photon sphere then becomes vastly more complicated than the static case [27, 28] . For a fair and clear comparison with the static case, we will restrict our discussion to the equatorial plane. Furthermore we are only interested in prograde, circular 1 orbit. We emphasize that there is a subtlety regarding what it means to have a photon orbit on the horizon for a rotating black hole. This problem was discussed in the context of an asymptotically flat Kerr black hole, of which it is well-known that although photon orbit and the horizon do coincide in the Boyer-Lindquist coordinates, this is simply because the coordinates become degenerate in the extremal limit. This can be clearly seen in the embedding diagram (see, e.g., Fig.(2) in [29] ), in which the black hole throat tends to a cylinder in the extremal limit. Therefore, despite being two separate circles on this cylinder, both the photon orbit and the horizon have the same radius for an extremal black hole. Nevertheless, Jacobson [30] showed that in the Doran frame [31] , which is analogous to the Painlevé-Gullstrand frame for the Schwarzschild black hole, the photon orbit does coincide with the horizon. Thus, in this work, when we refer to photon orbit on the horizon of an extremal rotating black holes, it is to be understood that this statement should be interpreted in the Doran sense. If one prefers to think in terms of the Boyer-Lindquist coordinates, then we are concerned with the coordinate equality r h = r p , where r h and r p shall denote throughout this work, respectively, the event horizon and the photon orbit. One might wonder if this is physically meaningful, since whether the horizon coincides with the photon orbit (either in the physical sense or coordinate sense) depends on the choice of spacetime slices, and in principle we might derive different results based on other coordinates. We shall return to this issue shortly.
The stability of the photon orbit on the horizon of an extremal asymptotically flat Kerr-Newman black hole was discussed recently by Ulbricht and Meinel [32] , in which they found that the photon orbit only coincides with the extremal horizon if the angular momentum is sufficiently large: |J| > M 2 /2. On first look this seems to be inconsistent with the result of Pradhan and Majumdar [26] , which showed that there is a stable photon orbit on the event horizon of an extremal Reissner-Nordström black hole, and such a black hole is just a special case of the Kerr-Newman family with |J| = 0 < M 2 /2. However, there is no real inconsistency, as clarified by Khoo and Ong [19] : what really happens in the Kerr-Newman case is that for a sufficiently large angular momentum |J| > M 2 /2, there is in fact an unstable photon orbit on the extremal horizon. For |J| < M 2 /2, there is also a photon orbit on the extremal horizon, but it is a stable one, which indeed agrees with the result of Pradhan and Majumdar [26] . See Fig.1 below for an illustration. In this figure, to obtain the photon orbit one uses the conditions on the effective potential 2 V eff (b, r) = 1/b 2 , and V eff (b, r) = 0. For each photon orbit, there corresponds a fixed b. One then studies the effective potential V eff (b, r), the stability of which is governed by the sign of the second derivative V eff (b, r). This was the method used in [19] . Alternatively, one could differentiate V eff (b, r) twice with respect to r, while holding b = const., and 1 Circular here means r = const. in the Boyer-Lindquist type coordinates; the shape of the orbit is not necessarily a geometric circle. 2 The effective potential of massless particles defined herein satisfies in general V eff +ṙ 2 /J 2 0 = 1/b 2 , where b plays the role of an impact parameter in the asymptotically flat cases, and J 0 is the angular momentum of the particle.
then study the sign of V eff (b, r), where b is the root of V eff (b, r) = 0. The stability region obtained is shown in Fig.2 . In so far as the photon orbits are concerned, they lie in the stability region obtained using in the first method if and only if they lie in the stability region obtained using the second method. The second method is nevertheless cleaner. The solid vertical line coincides with the extremal horizon, which we set to be r h = 1 = M . The common shaded regions (orange) are where both photon orbits are stable, whereas the other photon orbit, which is not on the horizon, has larger stability regions (shaded in yellow). For a > M/2, there is an unstable photon orbit on the horizon. However, for a < M/2, the horizon photon orbit stabilizes. At the same time, there exists another unstable prograde orbit outside the black hole. See [19] for details.
The investigation above concerning an extremal asymptotically flat Kerr-Newman black hole [19, 32] suggests that: angular momentum tends to destabilize the photon orbit on an extremal black hole horizon, whereas electrical charge tends to stabilize it. The question we are interested in is the following: How much does this behavior persist beyond this very specific example?
To this end, we decided to study stable photon orbits on extremal black hole horizons in asymptotically anti-de Sitter (AdS) spacetimes. This allows us to see whether the aforementioned behavior changes with the introduction of a negative cosmological constant, especially when rotation is involved. The behavior of particle orbits around black holes with nonzero cosmological constants had been studied rather extensively in the literature, see, e.g., [33] [34] [35] [36] . However, our objective here is much more specific and the question raised in the previous paragraph does deserve a more focused and cleaner analysis.
To further motivate our choice to focus on asymptotically AdS spacetimes, it is wellknown that black holes in such spacetimes play very important roles in the context of AdS/CFT (Conformal Field Theory) correspondence (or more generally, holography) [37, 38] , and so any further understanding we gain from studying the properties of these black holes may, via the holographic correspondence, lead to new understanding of the dual field theory. In this work, we shall focus on two examples: BTZ black holes in (2 + 1)- dimensions -which also allows us to explore the effect of lower spacetime dimensions on the stability of photon orbit -and Kerr-Newman-AdS black holes in (3 + 1)-dimensions.
Furthermore, in the context of holography, the standard Schwarzschild-type coordinates (or the Poincaré-type coordinate in which z is simply inversely proportional to the radial coordinate r) for static, asymptotically locally AdS black holes, actually do have physical importance. Recall that the Hawking radiation from a black hole also depends on the observer. Notably, the standard Hawking temperature in the asymptotically flat case corresponds to the temperature measured by an observer infinitely far away from the black hole. A different slicing of the spacetime would yield a different temperature. In holography, the black hole temperature corresponds to the temperature of the dual field theory, and it is precisely in these coordinates that Hawking temperature is typically calculated in the bulk. Similarly, in the case of rotating black holes in the AdS bulk, one uses the standard, Boyer-Lindquist-type coordinates, to compute the Hawking temperature, which is then used to study some dual field theoy with nonzero angular momentum. Thus, arguably, Boyer-Lindquist-type coordinates do have straightforward, physical importance in holography. This justifies why we work in these coordinates, instead of some others, given that whether the photon orbit coincides with the extremal horizon depends on how one slices the spacetime. Of course, the implication of the physics of photon orbit for the dual field theory, if any, remains to be studied but is beyond the scope of our work.
We will be working in the units in which c = G = 1, although sometimes we do restore G for the sake of clarity, or for emphasis.
Photon Orbits on the Horizons of Extremal AdS 3 Black Holes
It is a curious but well-known fact that general relativity without the cosmological constant term in (2 + 1)-dimensions is trivial: the vacuum Einstein equations R µν = 0 implies that the full Riemann tensor vanishes identically: R µνλρ ≡ 0. In particular, this means that there is no black hole solution. It therefore came at a pleasant surprise that Einstein's gravity in (2 + 1)-dimensions is far richer if one introduces a negative cosmological constant. This entirely new field of research in lower dimensional gravity began with the famous black hole solution by Bañados, Teitelboim (now Bunster) and Zanelli [39, 40] -hereinafter, the BTZ black hole. It was subsequently realized that a large variety of spacetimes, which includes the BTZ black holes, can be obtained by identifying points in (2+1)-dimensional AdS spacetime by means of a discrete group of isometries [41] . In fact, the Euclidean version of the BTZ manifold is simply H 3 /Γ, where Γ ⊂ PSL(2, C) is a Schottky group [42] . Since their discoveries, BTZ black hole and its variations have been widely studied and yielded many surprises in the past several decades. Due to its simplicity, many toy models in (2 + 1)-dimensions are used to help us gain insights into the corresponding physics in higher dimensions. A recent example is a toy model of the Riemannian Penrose inequality, which has been proved in (2 + 1)-dimensions in AdS background [43] (there is still no general proof for the inequality in (3 + 1)-dimensions). BTZ black holes have also found some surprising applications, e.g., in modeling the physics of graphene [44, 45] , via the optical metric approach.
Since the BTZ solutions are asymptotically AdS, many studies regarding AdS/CFT correspondence have been performed on such background spacetimes, see [46] [47] [48] . Indeed, since general relativity becomes a topological field theory in three spacetime dimensions (i.e., it has no propagating gravitational degrees of freedom), its dynamics can be largely described holographically by a two-dimensional CFT at the boundary of the spacetime [46] . Therefore, the BTZ black hole provides an excellent example of how AdS/CFT correspondence works, albeit in this very special example.
In the section, we will study the photon orbits of BTZ black holes. Specifically, we would like to see if in the extremal case there are photon orbits on the horizon, and if so whether they are stable. Since there is no (2 + 1)-dimensional black hole in the absence of cosmological constant, the results in this section have no asymptotically flat cousins to compare with, but it will be an important study on whether a lower dimensional spacetime affects the behavior of the photon orbits differently.
Case I: Extremal Static Charged BTZ Black Hole
We begin with the simplest case: the charged but non-rotating BTZ black hole. The spacetime is therefore static. The proof in [19] concerning the stability of photon orbit on the horizon of static extremal black holes in fact also works in (2 + 1)-dimensions, and so we know without explicit calculation that for this case, there is also a stable photon orbit on the extremal horizon. However, since this spacetime has many interesting properties, we feel that there is a need for a more explicit treatment.
The metric tensor of a charged but non-rotating BTZ black hole is
in which
where m and q are, respectively, the mass and the charge parameters of the black hole, and is the asymptotic curvature radius of the spacetime. The physical mass, M , and physical charge, Q, differ from m and q only by overall constants [49] :
Note that the metric coefficient in Eq. (2) contains the asymptotic curvature length scale in the logarithmic term: this is important to ensure that the argument of logarithm is dimensionless. This length scale could in principle be free, i.e., any length scale could be introduced for this purpose, and the field equations will be satisfied. Nevertheless, is a natural length scale of the system. In addition, it plays an important role in removing the ensemble dependency in the thermodynamics of the system [49] . Solving the equation f (r) = 0, we can obtain the location of the horizon, r h . Furthermore, if the black hole is extremal, then its horizon would also satisfy f (r) = 0. We shall denote the extremal horizon by r c , where the subscript "c" refers to "critical". The 
The extremal horizon is therefore r c = q c . Note that we now have an equation that relates q c and m c . This is the extremal condition (see also [50] ): The behavior of the left hand side expression of Eq. (5) is shown in Fig.3 . It has a peak of unity when q = 1. This means that, for mass m = 1, there is only one solution for Eq.(5), which is at q = 1 = q ext , and the charged BTZ black hole is extremal. When 0 < m < 1, there will be two solutions for q ext from Eq.(5). The black hole can be extremal for these two values of the charge when 0 < m < 1. However, when m > 1, there is no solution to Eq.(5). This indicates that the extremal black hole condition cannot be satisfied. In other words, charged BTZ black holes are always non-extremal when m > 1.
Note that for a sufficiently large charge (which can be arbitrarily large), negative mass black hole solutions exist. See also the discussion in [51] . For this work, we will focus on black holes with positive mass. Indeed, the notions of mass and charge (and angular momentum) are rather peculiar in (2 + 1)-dimensions, and one finds in the literature various attempts to make sense of what counts as the physical parameters of a black hole [52, 53] . For example, a different notion of black hole mass, M 0 , which is essentially the energy contained inside the horizon, was proposed in [53] . It is given by a combination of m and q, specifically M 0 (r h ) = m + 2q 2 ln(r h / ). Such a mass does provide a BPS-like bound. For our purpose however, we need not worry about these subtleties, since the extremal condition is unambiguously known, and this condition can be expressed using any variables one wishes without changing the underlying physics. (This does not mean that identifying the correct physical quantities is not important in other contexts, as we will remark in Sec.3.1.)
Since charged BTZ black holes are static, we can easily calculate the effective potential V eff experienced by a massless particle:
The location r p of a photon orbit corresponds to an extremal point of the potential, whose stability depends on whether V eff (r) is positive or negative. The explicit expressions for V eff (r), V eff (r) and V eff (r) are as follows:
As we have explained, for m > 1, there is no extremal black hole. For m = 1, there is only one extremal charge q c = 1 that can satisfy the extremal condition. In this case, the extremal horizon is at r c = , while the extremal point of the potential, r p , is also equal to . Furthermore V eff ( ) 0, so r p = r h = is a local minimum. This corresponds to the only stable photon orbit of this spacetime. For 0 < m < 1, there are two extremal charges q c 1 and q c 2 , which corresponds to the same value of the mass. When q c = q c 1 , we have
so
We set V eff (r) = 0 to obtain r p 1 = q c 1 = r c 1 . Since local minimum requires that V eff (r) = 2 r 4 5q
stable photon orbits need r p 1 e 1/3 q c 1 ≈ 1.396q c 1 , which is obviously satisfied. In the same manner, we can verify that when q c = q c 2 , we have similarly r p 2 = q c 2 = r c 2 , which is also a stable photon orbit.
The figure of the photon orbits and the stable regions are given as follows. Charged BTZ Black Holes m > 1 m = 1 0 < m < 1 No extremal BHs One extremal case when q = 1 Two extremal cases when q = q 1 or q = q 2
To conclude, for an extremal static charged BTZ black hole, there always exists a stable photon orbit on its horizon. This result is the same as the case of asymptotically flat Reissner-Nordström black holes in (3 + 1)-dimensions. This is as expected, since as we mentioned at the beginning of Sec.2, the charged BTZ solution is subjected to the theorem proved in [19] 3 .
Case II: Extremal Rotating BTZ Black Hole
We now consider an uncharged rotating BTZ black hole, whose metric tensor is
where
in which J denotes the angular momentum of the black hole. We write
which gives us
The event horizon is located at
where m > 0 and |J| m . We now consider the extremal case. Setting both the metric coefficient g(r) and its derivative to be zero, we obtain
Following the usual procedure 4 [55, 56] , we can calculate the effective potential V eff experienced by a massless particle as follows,
in which b = J 0 /E 0 , where J 0 and E 0 denote, respectively, the angular momentum and the energy of the particle. For an asymptotically flat spacetime, b can be interpreted as an impact parameter, however such an interpretation does not quite exist in an asymptotically AdS spacetime. In the extremal case, the effective potential and its derivative are
Obviously there is only one solution for V eff (r) = 0, given by b = J 0 /E 0 = . In this case the effective potential is always a constant V eff = −2 = b −2 . This result agrees with [57] .
Thus, for the case of a rotating but uncharged extremal BTZ black hole, we can only have photon orbits when b = . These photon orbits are all "borderline" unstable, in the sense that a photon on a given photon orbit r p * , can, under a perturbation (say, if scattered by other particles), end up on a neighboring photon orbit r p * +ε , for any ε > 0. In fact, a constant potential means that a particle can easily roll across it, and therefore is extremely unlikely to remain in any fixed orbit for long.
Case III: Charged Rotating BTZ Black Hole
Finally, let us consider the most general case: a BTZ black hole with both charge and angular momentum. Here we only study the effect of electrical charge, though the magnetic counterpart is known [58] . The metric tensor for a rotating, (electrically) charged black hole 5 , is given by [51, 63] 
Here A µ dx µ is the usual electromagnetic gauge potential, ω is the angular velocity of the black hole. The charge Q here is related to the charge parameter q in subsect.(2.1) by Q 2 = q 2 /4π. (That is, q is the electric charge parameter in the Lorentz-Heaviside units.) Again, there are non-trivial subtleties about whether Q is the physical charge [51] , but as remarked in Sec.2.1, this does not affect our analysis.
Note that, following [63] , we do not include an explicit mass term, m, in the metric. The mass term depends on the choice of r 0 (which is left unfixed in [63] ), that is, the set of black hole hairs {m, Q, J}, can be traded with the set of parameters {r 0 , Q, ω}. (See also [64] .) However, if we were to recover the metric of the form of Eq.(2) in the ω → 0 limit, then our r 0 is in fact fixed, it is
That is, r 0 depends on the values of m and Q. The extremal horizon and extremal charge are, respectively,
5 Note that the correct metric for a charged and rotating BTZ black hole is not given by a straightforward generalization by adding a rotation term in the charged BTZ solution (such as those analyzed in [59, 60] , among many other works), as clarified long ago in the literature [61, 62] . We restore the Newton's constant G in this section for clarity since this metric does not seem to be as well known as it should be.
Note that the extremal charge depends on r 0c , which itself contains m c and Q c . Explicitly,
We can then calculate the effective potential for massless particle and its derivative. They are
Note that if b = ω, then we see that the second term vanishes in the equation Eq. (26), and b 2 r 2 cancels in the remaining term, so that V eff = 1/ 2 . Therefore had it was possible for b = = ω, we would have a photon orbit. The reason we do not is because the condition |ω| < l forbids this case. If b = = ω, then
we can see that r = r 0c is an unstable photon orbit (V eff (r 0c ) = 0), which is inside the horizon. When b = ω and b = , if we want r p = r c , b must satisfy the relation
In Fig.5 , we plotted the location of the photon orbit and the event horizon of an extremal charged rotating BTZ black hole with = m = 1, and with b satisfying the relation in Eq. (28) so that the photon orbit coincides with the event horizon. To be consistent with the previous cases, here we have set πG = 1.
From Fig.5 , we can see that there is a stable photon orbit on the horizon of an extremal charged rotating BTZ black hole.
Photon Orbits on the Horizons of Extremal AdS 4 Black Holes
Having completed our analysis of photon orbits on the extremal horizons of BTZ black holes, we now move on to asymptotically AdS black holes in (3 + 1)-dimensions. We consider only black holes whose horizon is topologically a sphere, so that the results in this section can be compared directly with the results in [19] , which concerns the asymptotically flat case. Our strategy is to start with the most general case with both rotation and charge, and then specialize to the purely rotating case. The extremal charged case without rotation (i.e. Reissner-Nordström-AdS black holes) will not be discussed here since it was already shown in [19] that such a black hole possesses a stable photon orbit on its event horizon. See also [65] .
Case I: Kerr-Newman-AdS Black Hole
The 4-dimensional Kerr-Newman-AdS solution describes a rotating and charged black hole in AdS 4 . This is an important family of black holes in the context of holography, with applications in, e.g., the holography of quark-gluon plasma produced in heavy ion collisions [66] . The metric tensor of this black hole can be written in the Boyer-Lindquist form
Here m, e, and a are, respectively, the mass parameter, the charge parameter, and the rotation parameter. We will assume that m, e, a > 0. The physical (Abbott-Deser [67] ) mass and physical charge of the black hole (i.e., the mass and charge that actually satisfy the laws of black hole thermodynamics [68] , as well as being the correct conserved quantities associated to some Killing vectors [69] ) are, respectively, m/Ξ 2 and e/Ξ. Likewise, the physical angular momentum is J = am/Ξ 2 . Note that the rotation parameter a is the ratio of the physical angular momentum to the physical mass. The distinction between a mere parameter and a physical quantity is quite important in considering various physics questions, such as in the attempt to "over-spin" a black hole, see [70] . The parameter a * := (a/m)(1 − a 2 / 2 ) 2 is useful in asymptotically flat case (as is usually used in astrophysics) to indicate how close to extremality the black hole is: a * = 0 indicates zero angular momentum, while a * ∼ 1 is near extremal. This is not a good indicator in asymptotically AdS spacetimes: even if a * is "small" (by asymptotically flat standard), say around 0.18, a black hole could nevertheless be spinning at 98.8% of its maximal allowed speed [71] , i.e., it is actually near extremal.
Note that for the metric to make sense, neither Ξ nor ∆ θ can vanish. This requirement imposes the strict inequality a < , which means that black holes cannot rotate too fast in asymptotically AdS spacetimes. This upper limit on a is independent of the more familiar, cosmic censorship requirement (see below). The simple inequality a < is in fact quite important, for mathematically, the function ∆ θ has no fixed sign a priori -there is a risk that it can become negative near the poles. This would induce a change in the metric signature from (−, +, +, +) to (−, +, −, −) as one moves from the equator to the poles. The corresponding boundary field theory would then change from Lorentzian to Euclidean, which would be quite unphysical [66, 72] .
To study the photon orbit, we set ∆ r and its derivative ∆ r := d∆ r /dr to zero. This yields, for a fixed charge e,
where r c is the extremal horizon, and m c is the corresponding extremal mass. The requirement for the existence of an event horizon (i.e. the cosmic censorship requirement) is m m c or equivalently [73] , 
See [66, 70] for more discussions.
The effective potential for a massless particle is given by
and its derivative is The circular photon orbits can be obtained by solving simultaneously for the pair {b, r} in the equations V eff (b, r) = 1/b 2 and V eff (b, r) = 0. In Fig.6 , we plotted the location of the photon orbits and event horizon of an extremal asymptotically AdS Kerr-Newman black hole with = m = 1. We are only interested in the region to the right of the event horizon (the exterior spacetime). This result is rather similar to the asymptotically flat case, even with a relatively small value of (i.e. relatively large |Λ|). That is to say, the cosmological constant does not affect the result found in [19] too much -here we still observe that sufficiently small a allows stable photon orbit on the extremal horizon, whereas large a destabilizes the photon orbit on the extremal horizon.
Case II: Kerr-AdS Black Hole
The e = 0 case corresponds to the Kerr-AdS black hole, which is worth a separate mention. In the extremal case, it turns out that there is indeed a photon orbit on the event horizon. Here we illustrate in Fig.(7) an example in which we have set m = = 1. This statement of course holds for all extremal Kerr-AdS black holes as we vary the mass, as shown in Fig.(8) .
A simple and straightforward stability analysis shows that such a photon orbit on the extremal horizon is unstable, just like its asymptotically flat cousin. This is not surprising since we have shown previously that in the extremal Kerr-Newman AdS case, sufficiently large rotation (relative to the charge) destabilizes the photon orbit.
Discussion: Extremal Black Holes Instabilities Galore
We have set out to investigate the following question: Is the observation in [19] , namely that angular momentum tends to destabilize photon orbit on the event horizon (in the Doran sense) of an extremal black hole, whereas electrical charge tends to stabilize it, remains true in the presence of a negative cosmological constant? We found that the answer is affirmative, at least in the (3 + 1)-dimensional case. Of course, if the cosmological constant is small (i.e., is large), we would expect that we should recover the behavior observed in the asymptotically flat case. However, even with a relatively large cosmological constant, we still observe qualitatively the same behavior. Nevertheless, there are quantitative differences between the asymptotically AdS and the asymptotically flat cases. This is to be contrasted with the case of static black holes -an asymptotically AdS Schwarzschild black hole (with spherical topology) possesses an unstable photon orbit at r = 3M , which is identical to its asymptotically flat cousin.
On an asymptotically AdS 3 background, an extremal charged non-rotating BTZ black hole has a stable photon orbit on its horizon, much like its (3 + 1)-dimensional ReissnerNordström cousin. For an extremal charged and rotating BTZ black hole with angular speed |ω| < , there is also a stable photon orbit on the horizon except for the special case b = ω, in which no photon orbit exists. In the purely rotating case, BTZ black hole allows any r = const. to be a photon orbit if b = . This constant potential behavior appears to be a peculiar property of (2 + 1)-dimensions. These orbits are "borderline" unstable in the sense that any slight perturbation would still move the particle off its initial orbit. It does not admit any stable photon orbit on its horizon, just like the (3+1)-dimensional case.
For a charged and rotating BTZ black hole, we also observe that the geometry imposes an upper bound on the angular speed |ω| < , which is similar to the bound |a| < in the case of a Kerr-Newman-AdS black hole. However, unlike the latter case, the BTZ case always possesses a stable photon orbit on its horizon for all admissible value of the angular speed. That is to say, angular momentum never becomes large enough to destabilize the photon orbit on an extremal horizon in (2 + 1)-dimensions.
Finally, we comment on the relationship between the presence of photon orbit on the extremal horizon and stability of the spacetime. There are two effects at play here: the first is simply due to the fact that if a photon orbit is stable, then a huge number of massless particles can pile up on the orbit, which causes a backreaction to the initial geometry -the spacetime cannot be stable. This is a kind of dynamical instability. The end state of such an instability remains to be fully understood.
There also exists a less well known instability, which is of a thermodynamic type. More specifically, the presence of photon orbits, regardless of their stability, signals the possibility of a York-Hawking-Page type phase transition [23, 24] . This is due to the fact that the Dirichlet boundary-value problem in Euclidean quantum gravity sometimes has multiple solutions [25] , which jump in numbers when the boundary passes through a photon orbit. Incidentally, it was observed in [50] that there is a thermodynamical phase transition between an extremal charged (but non-rotating) BTZ black hole and a non-extremal one. In the same work, it was pointed out that there are many differences between the extremal case and the non-extremal case. In particular, an analysis of the quasi-normal modes showed that an extremal charged BTZ black hole is dynamically unstable under perturbation (see also the literature on Aretakis instability [73] [74] [75] [76] [77] [78] [79] ). Indeed, it has been observed that in many examples, dynamical instability revealed from quasi-normal modes is a good indicator of thermodynamical instability, which involves a phase transition [80] [81] [82] . These are all consistent with our result that an extremal charged BTZ black hole admits stable photon orbit on its event horizon, whereas its non-extremal counterparts do not.
Finally, we emphasize that extremal black holes could exhibit properties that are absent in the non-extremal black holes, no matter how close to extremality they may be. After all, the process of taking limits in spacetimes is highly non-trivial [83] [84] [85] . We should therefore not be alarmed that an extremal static black hole (satisfying certain conditions, see [19] ) allows a stable orbit on its horizon. In general, when rotation is involved, the question of whether the photon orbit is actually on the horizon itself becomes subtle [30, 31] . The stability of this orbit depends on the charge-to-angular momentum ratio, as well as the spacetime dimensions. The relationship between photon orbits, quasi-normal modes, dynamical instability and thermodynamical instability, is an interesting problem that has received quite a lot of attention lately [18, 86, 87] , and should be further investigated.
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